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1. Introduction
In this paper, all graphs considered are finite, simple and undirected. Let graph G be a graph with vertex set V and edge
set E. A k-vertex (or (≤ k)-vertex or (≥ k)-vertex) is a vertex of degree k (or degree at most k or at least k). Let dk(x) denote
the number of k-vertices adjacent to x; similarly define d≤k(x) and d≥k(x). Let di,j,k(x) = di(x)+dj(x)+dk(x). Denote by dave
the average degree of G, |V | the number of vertices in V . For a vertex x ∈ V (G), let N(x) be the set of vertices adjacent to x,
and let d(x) be the number of vertices adjacent to x. Denote N(x)
⋃
N(y) by N(x, y). Let Vk be the set of k-vertices; similarly
define V≤k and V≥k. A proper k-edge-coloring of a graph G is a function φ : E(G) → {1, . . . , k} such that any two incident
edges receive different colors. The edge chromatic number of a graph G, denoted by χ ′(G), is the smallest integer k such that
G has a proper k-edge-coloring. Vizing’s Theorem [11] states that the edge chromatic number of a simple graph G is either
∆ or∆+ 1, where∆ denotes the maximum vertex degree of G. A graph G is class 1 if χ ′(G) = ∆ and is class 2 otherwise. A
connected class 2 graph G is critical if χ ′(G−e) < χ ′(G) for each edge e of G. A critical graph G is∆-critical if it hasmaximum
degree∆.
We consider the following problem: IfG is a∆-critical graphwith n vertices andm edges, how small canm be? Vizing [12]
conjectured thatm ≥ 12 [(∆− 1)n+ 3] if∆ ≥ 3.
This conjecture has been verified for the case ∆ ≤ 6 (see [3–5,8]). It was proved in 1975 by Fiorini [2] that if G is a
∆-critical graph, then |E(G)| ≥ 14 |V |(∆ + 1). The best-known bounds are still far from the conjectured bound. For critical
graphs with small maximum degree, there are some bounds very close to the conjecture.
Theorem 1.1 ([13]). Let G be a∆-critical graph with average degree q.
(a) If ∆ ≥ 2, then q ≥ 23 (∆+ 1).
(b) If ∆ ≥ 8, then q ≥ 23∆+ 1.
(c) If ∆ ≥ 15, then q ≥ 23 (∆+ 2).
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Theorem 1.2. If G is a critical graph with small maximum degree∆, then,
(a) (Clark and Haile [1]) |E(G)| ≥ ∆+13 |V (G)| if 6 ≤ ∆ ≤ 8.
(b) (Luo and Zhang [9]) |E(G)| ≥ 103 |V (G)| if ∆ ≥ 9.
(c) (Yue Zhao [15])
|E(G)| ≥

(
3+ 1
8
)
|V (G)| if ∆ = 8.(
3+ 2
5
)
|V (G)| if ∆ = 9.
37
10
|V (G)| if ∆ = 10.
4|V (G)| if ∆ = 11.
Theorem 1.3 ([6]). If G is a∆-critical graph with∆ = 8, then |E(G)| ≥ 196 |V (G)|.
In Section 3, we will present lower bounds on the size of ∆-critical graphs via the following theorem.
Theorem 1.4. If G is a∆-critical graph with∆ = 8, then |E(G)| ≥ 134 |V (G)|.
This bound improves the early results of [13] and is closer to Vizing’s Conjecture for ∆ = 8.
2. Lemmas
Our first lemma is the well-known Vizing’s Adjacency Lemma [12], which within this article we will abbreviate as VAL.
Lemma 2.1 (VAL). Let x be a vertex of a∆-critical graph.
(i) If dk(x) ≥ 1, then d∆(x) ≥ ∆− k+ 1.
(ii) d∆(x) ≥ 2.
Indeed, Lemma 2.1 implies the following result.
If G is a∆-critical graph and xy ∈ E(G), then d(x)+ d(y) ≥ ∆+ 2.
Lemma 2.2 ([10,14]). Let G be a∆-critical graph. If xy ∈ E(G), and d(x)+ d(y) = ∆+ 2, then
(1) every vertex of N(x, y) \ {x, y} is a∆-vertex;
(2) every vertex of N(N(x, y)) \ {x, y} is of degree at least ∆− 1;
(3) if both d(x), d(y) < ∆, then every vertex of N(N(x, y)) \ {x, y} is a∆-vertex.
Lemma 2.3 ([9]). If G is a ∆-critical graph with ∆ ≥ 5 and x is a 3-vertex, then in N(x) there are at least two ∆-vertices not
adjacent to any (≤ ∆− 2)-vertices except x.
Lemma 2.4 ([6]). Let G be a∆-critical graph with∆ ≥ 8, and let x be a 4-vertex such that |N(x) ∩ V∆| = 4.
(1) If there is a vertex w ∈ N(x) adjacent to two (≤ ∆ − 3)-vertices different from x, then, each vertex z ∈ N(x) \ {w} has
d≤∆−3(z) = 1.
(2) Otherwise, for each vertex y ∈ N(x), d≤∆−3(y) ≤ 2.
Lemma 2.5 ([6]). If x is a 4-vertex in a∆-critical graph G and |N(x) ∩ V∆| = 2, then N(N(x) ∩ V∆) ⊆ V∆−1 ∪ V∆ ∪ {x}.
Lemma 2.6 ([8]). Let G be a∆-critical graph with∆ ≥ 6, and let x be a 4-vertex.
(1) If x is adjacent to a (∆− 2)-vertex, say y, then N(N(x)) \ {x, y} ⊆ V∆.
(2) If x is not adjacent to any (∆− 2)-vertex, and if one of the neighbors of x is adjacent to three (≤ ∆− 2)-vertices, then each
of the other three neighbors of x is adjacent to only one (≤ ∆− 2)-vertex, which is x.
(3) If x is adjacent to two (∆−1)-vertices, then each of the two∆-neighbors is adjacent to exactly one (≤ ∆−2)-vertex, which
is x.
Lemma 2.7 ([7]). Let x be a 5-vertex in a∆-critical graph G, and suppose that x has a (∆− 2)-neighbor w.
(1) If w is adjacent to a (≤ ∆ − 2)-vertex other than x, then the remaining four neighbors of x are all ∆-vertices and each of
them is adjacent to only (≥ ∆− 1)-vertices except x.
(2) If w is adjacent to only one (≤ ∆ − 2)-vertex which is x, then there are three (≥ ∆ − 1)-neighbors of x including at
least two ∆-neighbors y satisfying the following situations: if z ∈ N(x) is a ∆-vertex, then z is adjacent to at most two
(≤ ∆− 2)-vertices; if z ∈ N(x) is a (∆− 1)-vertex, then z is adjacent to only one (≤ ∆− 2)-vertex, which is x.
Let G be a∆-critical graph. If xy is an edge in G, let σ(x, y) denote the number of vertices in N(y) \ {x} that have degree at
least 2∆− d(x)− d(y)+2. If yxz is a path of three vertices in G, let τ(y, x, z) denote the number of vertices in v ∈ N(z) \ {x}
such that v = y or d(v) ≥ 3∆− d(x)− d(y)− d(z)+ 2.
Lemma 2.8 ([13]). If xy is an edge of a ∆-critical graph G, then there are at least ∆ − σ(x, y)(≥ ∆ − d(y) + 1) vertices
z ∈ N(x)\{y} that satisfy the following: σ(x, z) ≥ 2∆−d(x)−σ(x, y) and, if d(x) < ∆, then τ(y, x, z) ≥ 2∆−d(x)−d(y)+1.
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3. The main result
Proof of Theorem 1.4. We prove the theorem by reduction to absurdity and the discharge method. Assume that G is an
8-critical graph and dave < 132 . For any x ∈ V , we call c(x)(= d(x) − 132 ) the initial charge of the vertex x. Since dave < 132 ,
we have
∑
x∈V (G) c(x) < 0. We will assign a new charge to each vertex x according to the following rules.
(R1) If x is a 2-vertex and u, v ∈ N(x), then x receives 32 from each adjacent 8-vertex and each y ∈ N(u) \ {x, v} sends 32 × 18
to x via u and each y ∈ N(v) \ {x, u} sends 32 × 18 to x via v. Note that any 8-vertex adjacent to both u and v sends 32 × 14
to x in total.
(R2) If x is a 6-vertex, then x receives 14 from each adjacent 8-vertex.
(R3) If x is a 7-vertex and y ∈ N(x), d(y) ≤ 5, then x sends c(x)k = 12k to y, where k = d≤5(x).
(R4) If x is a 3-, 4- or 5-vertex, then x receives ( 32 − j × 14 ) × 1k from each adjacent 8-vertex y, where d3,4,5(y) = k, and
d6(y) = j.
Let c ′(x) be the new charge of each vertex. We prove that c ′(x) ≥ 0 for each x ∈ V .
Let x be a vertex in G. Denote bym(x) theminimum degree of vertices adjacent to x. VAL implies that d(x)+d(y) ≥ ∆+2
for every edge xy in G, and hencem(x) ≥ 10− d(x).
Claim (a): If d(x) = 2, then c ′(x) ≥ 0.
By Lemma 2.2 and (R1), c ′(x) ≥ c(x)+ 32 × 2+ 2× 6× 32 × 18 = 34 > 0.
Claim (b): If d(x) = 3, then c ′(x) ≥ 0.
If m(x) = 7, then by Lemma 2.2 and (R3), x receives 12 from its adjacent 7-vertex. By Lemma 2.3 and (R4), x receives 32
from each adjacent 8-vertex. So, c ′(x) = c(x)+ 12 + 32 × 2 = 0.
Ifm(x) = 8, then let u, v, w be the three 8-vertices in N(x). By Lemma 2.3, we can assume that d≤6(u) = d≤6(v) = 1. By
(R4) u, v sends 32 to x. By VAL,w sends a charge of at least
3
2 × 12 = 34 to x. So c ′(x) ≥ c(x)+ 32 × 2+ 34 = 14 > 0.
Claim (c): If d(x) = 4, then c ′(x) ≥ 0.
Ifm(x) = 6, and y ∈ N(x)∩ V6, then by Lemma 2.2, (R2), and (R4), |N(x)∩ V∆| = 3, and each z ∈ N(x)∩ V∆ sends at least
3
2 − 14 to x. So c ′(x) ≥ c(x)+ ( 32 − 14 )× 3 = 54 > 0.
Ifm(x) = 7, we discuss two cases:
Case 1. If |N(x)∩V∆| = 2, then by Lemma2.5, (R3), and (R4), each z ∈ N(x)∩V∆ sends 32 to x, and by VAL each z ∈ N(x)∩V∆−1
sends at least 12 × 12 to x. So c ′(x) ≥ c(x)+ 32 × 2+ 12 × 12 × 2 = 1 > 0.
Case 2. If |N(x) ∩ V∆| = 3, then let y, u, v, w be the vertices in N(x) with d(y) = 7 and d(u) = d(v) = d(w) = 8. By VAL,
each 8-neighbor of x has at most three (≤ 6)-neighbors, and each 7-neighbor of x has at most two (≤ 6)-neighbors. We also
discuss two subcases:
Subcase 1. If d≤6(w) = 3, then d≤6(y) = d≤6(u) = d≤6(v) = 1. Sow sends at least 32 × 13 = 12 to x by (R4); y sends 12 to x by
(R3); u sends 32 to x by (R4), and so does v. Hence, c
′(x) ≥ c(x)+ 32 × 13 + 12 + 32 × 2 = 32 > 0.
Subcase 2. If d≤6(w) ≤ 2, d≤6(u) ≤ 2, and d≤6(v) ≤ 2, then by VAL, d≤6(y) ≤ 2.
Each of u, v, w sends at least 32 × 12 to x or sends 32 − 14 to xwhen it is adjacent to a 6-vertex by (R4), and y sends at least
1
2 × 12 to x by (R3). So, c ′(x) ≥ c(x)+ 32 × 12 × 3+ 12 × 12 = 0.
Ifm(x) = 8, then let y, u, v, w be the vertices in N(x); we consider two cases:
Case 1. d≤5(y) = 3; then d≤5(u) = d≤5(v) = d≤5(w) = 1.
y sends at least 32 × 13 = 12 to x by (R4); each of u, v, w sends at least ( 32 − 14 × 2) = 1 to x. So, c ′(x) ≥ c(x)+ 32 × 13 +
( 32 − 14 × 2)× 3 = 1 > 0.
Case 2. If d≤5(y) ≤ 2, d≤5(u) ≤ 2, d≤5(v) ≤ 2, and d≤5(w) ≤ 2, then each z ∈ N(x) sends at least ( 32 − 14 )× 12 = 58 to x by
(R4). Hence, c ′(x) ≥ c(x)+ 58 × 4 = 0.
Claim (d): If d(x) = 5, then c ′(x) ≥ 0.
If m(x) = 5 and y ∈ N(x) ∩ V5, then |N(x) ∩ V∆| = 4, and each z ∈ N(x) ∩ V∆ sends 32 to x by Lemma 2.2 and (R4), so
c ′(x) ≥ c(x)+ 32 × 4 = 92 > 0.
Ifm(x) = 6, then letw be a (∆− 2)-neighbor x. We consider two cases:
Case 1. If w is adjacent to a (≤ ∆ − 2)-vertex other than x, then the remaining four neighbors of x are all ∆-vertices and
each of them is adjacent to only (≥ ∆− 1)-vertices except x. So, c ′(x) ≥ c(x)+ 32 × 4 = 92 > 0.
Case 2. If w is adjacent to only one (≤ ∆ − 2)-vertex, which is x, then there are three (≥ ∆ − 1)-neighbors of x including
at least two ∆-neighbors y satisfying the following conditions: if z ∈ N(x) is a ∆-vertex, then z is adjacent to at most two
(≤ ∆ − 2)-vertices; if z ∈ N(x) is a (∆ − 1)-vertex, then z is adjacent to only one (≤ ∆ − 2)-vertex, which is x. So,
c ′(x) > c(x)+ 32 × 12 × 2 = 0.
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Ifm(x) = 7, we consider two cases:
Case 1. If |N(x) ∩ V7| = 1, then, applying VAL, x receives 12 × 13 from its adjacent 7-vertex by (R3) and receives 32 × 14 from
each adjacent 8-vertex by (R4). So, c ′(x) ≥ c(x)+ 12 × 13 + 32 × 14 × 4 = 16 > 0.
Case 2. If |N(x) ∩ V7| ≥ 2, then by VAL, either |N(x) ∩ V7| = 2 or |N(x) ∩ V7| = 3. By Lemma 2.8 for any two 7-neighbors
yi, yj, (1 ≤ i, j ≤ 3) of x, τ(yi, x, yj) ≥ 2∆− d(x)− d(yi)+ 1 = 5; then d≥7(yk) ≥ 5 for 1 ≤ k ≤ 3. So x receives 12 × 12 from
its adjacent 7-vertex by (R3) and receives 32 × 14 from each adjacent 8-vertex by (R4).
If |N(x) ∩ V7| = 2, then c ′(x) ≥ c(x)+ 32 × 14 × 3+ 12 × 12 × 2 = 18 > 0.
If |N(x) ∩ V7| = 3, then c ′(x) ≥ c(x)+ 32 × 14 × 2+ 12 × 12 × 3 = 0.
If m(x) = 8 and z ∈ N(x), then by Lemma 2.1 and (R4), d∆(z) ≥ 4, and z sends at least 32 × 14 = 38 to x. Hence,
c ′(x) ≥ c(x)+ 38 × 5 = 38 > 0.
Claim (e): If d(x) = 6, then c ′(x) ≥ 0.
By Lemma 2.1, x is adjacent to at least two∆-vertices. So, by (R2), c ′(x) ≥ c(x)+ 14 × 2 = 0.
Claim (f): If d(x) = 7, then c ′(x) ≥ 0.
By (R3), we can see that c ′(x) ≥ 0.
Claim (g): If d(x) = 8, then c ′(x) ≥ 0.
Ifm(x) = 2, then by Lemma 2.2 and (R1), c ′(x) ≥ 0.
Ifm(x) = 3, 4, 5, 6, then by Lemma 2.1, Lemma 2.2, (R2) and (R4), x sends out j× 14 +k× ( 32 − 14 × j)× 1k whenm(x) < 6;
whenm(x) = 6, k = 0 and x sends out j× 14 . So x sends out at most 32 . So c ′(x) ≥ c(x)− 32 = 0.
Ifm(x) ≥ 7, x sends out at most 32 × 18 × 8 = 32 by Lemma 2.1 and (R1). So c ′(x) = c(x)− 32 = 0.
From the above discussion, we can see that c ′(x) ≥ 0 for each x ∈ V , a contradiction. This completes the proof. 
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